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UROHLQGHYHORSLQJHIIHFWLYHDGYDQFHWUDIILFPDQDJHPHQWV\VWHPV0DQ\GD\WRGD\WUDIILFDVVLJQPHQWPRGHOVKDYH
EHHQ SURSRVHG DQG XVHG LQ GD\WRGD\ WUDIILF FRQWURO VWUDWHJLHV VXFK DV G\QDPLF FRQJHVWLRQ SULFLQJ )ULHV] HW DO
<DQJDQG6]HWR<DQJHWDO*XR*XRHWDOVLJQDOWLPLQJ+XDQG0DKPDVVDQL
6PLWKDQG0RXQFHDQGWUDQVLWRSHUDWRUVWUDWHJLHV&DQWDUHOODHWDO
,Q WKH OLWHUDWXUHPRVW GHWHUPLQLVWLF GD\WRGD\ WUDIILF DVVLJQPHQWPRGHOV DUH SDWKEDVHGPRGHOV LH WKH\ DOO
H[SOLFLWO\ XVH SDWK IORZ YDULDEOHV DQG SURYLGH H[SOLFLW SDWK IORZ HYROXWLRQ WUDMHFWRULHV <DQJ DQG =KDQJ 
FODVVLI\ WKHVH SDWKEDVHG PRGHOV LQWR IRXU FDWHJRULHV WKH SURSRUWLRQDOVZLWFK DGMXVWPHQW SURFHVV 6PLWK 
6PLWK DQG:LVWHQ  3HHWD DQG <DQJ  QHWZRUN WkWRQQHPHQW DGMXVWPHQW )ULHV] HW DO  SURMHFWHG
G\QDPLFDO V\VWHP =KDQJ DQG 1DJXUQH\  1DJXUQH\ DQG =KDQJ  DQG HYROXWLRQDU\ WUDIILF G\QDPLFV
6DQGKROP<DQJ6LQFHWKHVHPRGHOVLQYROYHDGLIIHUHQWLDOHTXDWLRQIRUHDFKSRVVLEOHSDWKWKHSUREOHP
EHFRPHVLQWUDFWDEOHZKHQWKHQHWZRUNVL]HLQFUHDVHV





*XR HW DO  GHYHORS D JHQHUDOL]HG OLQNEDVHG PRGHO WR FRYHU D YDULHW\ RI GLVFUHWHWLPH GD\WRGD\ WUDIILF
HYROXWLRQSURFHVVHV
$QRWKHUZD\WRRYHUFRPHWKHVKRUWFRPLQJVLQSDWKEDVHGPRGHOV LV WRFRQVWUXFWD WUDIILFHYROXWLRQPRGHORQD
OLQNQRGHQHWZRUN UHSUHVHQWDWLRQ6PLWKDQG0RXQFHSURSRVHD VSOLWWLQJ UDWHPRGHO 650ZKLFKDGMXVWV
OLQNIORZVSOLWWLQJUDWHVDWHDFKQRGH)RUPXODWLQJDGD\WRGD\ WUDIILFDVVLJQPHQWPRGHODVD650KDV WZRPDLQ
DGYDQWDJHV)LUVWDVWKH650LVFRQVWUXFWHGRQDQRGHOLQNQHWZRUNUHSUHVHQWDWLRQLWVSUREOHPVL]HLVWUDFWDEOHDQG




LQ+H HW DO  HVVHQWLDOO\ HPEHGV D WUDIILF DVVLJQPHQW VXESUREOHP WR HQVXUH WKDW WKH OLQN IORZV VDWLVI\ WKH
FRQVHUYDWLRQ ODZ )RU D ODUJH QHWZRUN DQ HIILFLHQW SDWK JHQHUDWLRQ DOJRULWKP LV QHHGHG WR VROYH WKH WUDIILF
DVVLJQPHQWVXESUREOHPLQWKH/%07KH650LQ6PLWKDQG0RXQFHUHTXLUHVDQDGGLWLRQDOFRPSXWDWLRQDO
DGMXVWPHQW RI OLQN IORZV WR PDLQWDLQ IORZ FRQVHUYDWLRQ DW QRGHV 7KLV DGKRF SURFHVV LQGXFHV GLIILFXOWLHV LQ
DQDO\]LQJWKHV\VWHPSURSHUWLHVHVSHFLDOO\ZKHQWKHOLQNFRVWIXQFWLRQLVQRQVHSDUDEOH
7KLVSDSHUSURSRVHVDJHQHUDOIRUPXODWLRQIRUOLQNEDVHGGHWHUPLQLVWLFGD\WRGD\WUDIILFDVVLJQPHQWPRGHOV7KH




7KH SURSRVHG JHQHUDO IRUPXODWLRQ FDQ SURYLGH PRGHOLQJ IOH[LELOLW\ DQG VHUYH DV D XQLILHG XPEUHOOD IRU
HVWDEOLVKLQJ D YDULHW\ RI GD\WRGD\ WUDIILF DVVLJQPHQW PRGHOV EDVHG RQ GLIIHUHQW DVVXPSWLRQV RQ WUDYHOHUV¶ SDWK
VZDSSLQJGHFLVLRQ DWQRGHV7KH UHSUHVHQWDWLRQRI IORZ VSOLWWLQJ UDWHV FDQYDU\ WR DFFRPPRGDWHGLIIHUHQW URXWLQJ
SROLFLHV DQG FRQWURO VWUDWHJLHV LQ WKH UHDO ZRUOG 7KH UHDOL]DWLRQ RI WKH VSOLWWLQJ UDWH PD\ IROORZ HLWKHU WKH
SURSRUWLRQDO DGMXVWPHQWXVHG LQ WKH650RU DSURMHFWLRQRSHUDWRU VLPLODU WR WKH/%0$Q\ VSHFLILHGPRGHO FDQ














/HW WKH WUDIILF QHWZRUN EH UHSUHVHQWHG E\ D GLUHFWHG JUDSK ZLWK QRGH VHW DQG OLQN VHW 
$VVXPH WKDW WKLVJUDSK LVVWURQJO\FRQQHFWHG LH IRUDQ\SDLURIQRGHV i j  WKHUHH[LVWVDW OHDVWDGLUHFWHGSDWK
FRQQHFWLQJ WKHP /HW EH WKH VHW RI WULS GHVWLQDWLRQV LQ WKH QHWZRUN )RU HDFK QRGH  WKH VHW RI LWV
RXWJRLQJGRZQVWUHDPOLQNVLVGHQRWHGE\ DQGLWVLQFRPLQJXSVWUHDPOLQNVLVGHQRWHGE\ 
/HW xa
s GHQRWHWKHIORZRQOLQN a$ WUDYHOLQJWRZDUGGHVWLQDWLRQ /LQNIORZ xa LVWKHDJJUHJDWLRQRIWKH
IORZVWRZDUGVGLIIHUHQWGHVWLQDWLRQVLH xa  xa
s
a¦ IRUDOO 'HQRWHOLQNIORZYHFWRU [  xaª¬ º¼ 7KHOLQNFRVW
IXQFWLRQRIOLQN LVGHQRWHGE\W a [  ZKLFKLVDFRQWLQXRXVIXQFWLRQRIOLQNIORZYHFWRU [ 'HQRWH drs DVWKH
WUDYHO GHPDQG IURP RULJLQ WR GHVWLQDWLRQ  r z s  $GGLWLRQDO QRWDWLRQ ZLOO EH LQWURGXFHG ZKHQ
QHFHVVDU\
2.2. Splitting rate traffic rerouting model 
7KH 650 LV D GHWHUPLQLVWLF GD\WRGD\ WUDIILF HYROXWLRQ PRGHO GHYHORSHG E\ 6PLWK DQG 0RXQFH  WR
GHVFULEHWKHWUDIILFUHURXWLQJG\QDPLFVDWQRGHV7KH650LVEXLOWXSRQWKHSDWKFKRLFHEHKDYLRUDVVXPSWLRQVLPLODU
WR WKHSDWKEDVHGSURSRUWLRQDO IORZVZDSSLQJPRGHOGHYHORSHGE\6PLWK7KH650FDQEHSUHVHQWHG LQD
FRQFLVHIRUPDV
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
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
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ZKHUH ^ `PD[ x x  GHQRWHVDQRQQHJDWLYLW\SURMHFWLRQ7KH650LVIRUPXODWHGEDVHGRQWKHflow-weighted path 
cost sac ZKLFKPHDVXUHVDFRVWIURPWKHWDLOQRGHRIOLQN a WRGHVWLQDWLRQ s 
7KH IRUPXODWLRQ RI WKH IORZZHLJKWHG SDWK FRVW SOD\V WKH FULWLFDO UROH LQ WKH 650 DQG FDQ EH SUHVHQWHG DV


























,Q HTXDWLRQ  WKH QXPHUDWRU UHSUHVHQWV WKH IORZRQ OLQN b WKDW LV LQFLGHQW IURPQRGH i ZKLOH WKH GHQRPLQDWRU
UHSUHVHQWVWKHVXPPDWLRQRIDOORXWJRLQJIORZVIURPQRGH i WRZDUGGHVWLQDWLRQs7KHUHIRUHHTXDWLRQSUHVFULEHV
KRZ WUDIILF IORZ VSOLWV LQ WHUPVRISURSRUWLRQ DW QRGH i (DFKQRGH i LQ WKHQHWZRUN LV DVVRFLDWHGZLWK DQRGH
SRWHQWLDO WR UHSUHVHQW WKH IORZZHLJKWHG FRVW IURP QRGH i WR GHVWLQDWLRQ QRGH s WKURXJK OLQNVZLWK WDLO QRGH i 
3DUWLFXODUO\OHW ssY  IRUGHVWLQDWLRQQRGH s 7KHIORZZHLJKWHGQRGHSRWHQWLDOLVIRUPXODWHGDV
   
  i
s s s
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$IWHU WKH IORZZHLJKWHGQRGHSRWHQWLDO siY LVFRPSXWHG WKHJHQHUDOL]HGFRVW
s
ac IRU OLQN LQHTXDWLRQ  LV
GHILQHGE\

























DIWHU DSSO\LQJG\QDPLFDO V\VWHP  WR FRPSXWH WKH OLQN IORZSDWWHUQ7KH IORZ DGMXVWPHQW SURFHVV XSGDWHV OLQN
IORZVE\DQLWHUDWLYHDSSURDFK
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ZKHUH k GHQRWHV WKH LWHUDWLRQ QXPEHU $V VKRZQ E\  WKH RXWJRLQJ OLQN IORZ IURP QRGH i LV DGMXVWHG




HYROXWLRQPRGHO PDLQWDLQV WKH FRQVHUYDWLRQ ODZ VXFK DQ DGKRFSURFHVV LQGXFHV GLIILFXOWLHV LQ DQDO\]LQJ WKH
V\VWHPSURSHUWLHVVXFKDVLWVDV\PSWRWLFVWDELOLW\DQGDWWUDFWLRQGRPDLQ%LHDQG/R0RUHLPSRUWDQWO\DVWKH






iY LQFRQVWUXFWLQJWKHIORZVZDSSLQJPDWUL[  ǻ [ $VVKRZQE\WKHIORZSURSRUWLRQ sbp LVQRWZHOOGHILQHGLI
WKHWRWDORXWIORZDWQRGH i LV]HUR7KHDVVXPSWLRQRISRVLWLYHGHPDQGDWHDFKQRQGHVWLQDWLRQQRGHUHVROYHVWKLV
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ZLWKRXW WKH UHDOLVP LVVXHV RI SDWKEDVHGPRGHOV EXW DOVR PDLQWDLQV IORZ FRQVHUYDWLRQ HQGRJHQRXVO\ $V LQ WKH
650 SDWK IORZ YDULDEOHV DUH FRPSOHWHO\ DEVHQW LQ WKH SURSRVHG IRUPXODWLRQ ZKLOH WKH H[LVWHQFH RI WKH LQIORZ
YDULDEOHKHOSVLQPDLQWDLQLQJWKHIORZFRQVHUYDWLRQODZ$ZHOOGHILQHGJHQHUDOL]HGFRVWIRUPXODWLRQLVGHYHORSHG
EDVHG RQ WKH SURSHUWLHV RI WKH DF\FOLF QHWZRUN VWUXFWXUH ,Q DGGLWLRQ WKH JHQHUDOL]HG PRGHOLQJ IUDPHZRUN FDQ
SURYLGH IOH[LELOLW\ LQ PRGHOLQJ WKH VSOLWWLQJ UDWHV 9DULRXV URXWLQJ SROLFLHV DQG WUDIILF FRQWURO VWUDWHJLHV FDQ EH




7KLV VHFWLRQ ILUVW GLVFXVVHV WKH DVVXPSWLRQV LPSRVHG RQ WKH QHWZRUN VWUXFWXUH WKDW KHOS LQ IRUPXODWLQJ WKH
JHQHUDOL]HGIORZVSOLWWLQJPRGHODQGGHULYLQJLWVDQDO\WLFDOSURSHUWLHV7KHQWKHGHWDLOHGPDWKHPDWLFDOIRUPXODWLRQ
RI WKH SURSRVHGPRGHO LV SUHVHQWHG 7R LOOXVWUDWH KRZ WR DSSO\ WKH SURSRVHGPRGHO WKH IORZ VSOLWWLQJPRGHO LV
VSHFLILHGE\DGRSWLQJWKHSDWKFKRLFHEHKDYLRUDVVXPSWLRQVIURPWKH650DQGWKH/%0
3.1. Network structure 
7KHJHQHUDOL]HGIORZVSOLWWLQJPRGHOLVLQVSLUHGE\WKHRULJLQEDVHGDOJRULWKP%DU*HUD'LDO1LH
 IRU WKH VWDWLF WUDIILF DVVLJQPHQWSUREOHPZKHUHRULJLQGHVWLQDWLRQ 2'GHPDQGV DUHGLVWULEXWHGRQWR VXE
QHWZRUNVGHFRPSRVHGE\RULJLQRUGHVWLQDWLRQ$VHWRIVXEQHWZRUNVQHHGVWREHFRQVWUXFWHGEHIRUHWKHDQDO\WLFDO
IRUPXODWLRQRIWKHSURSRVHGPRGHOLVSUHVHQWHG
)RU WKHJLYHQ WUDIILFQHWZRUN  DOO SDWKV FRQQHFWLQJ DOORULJLQV WR WKH VDPHSDUWLFXODU GHVWLQDWLRQ FDQ






QHWZRUNV FDQ EH FRQVWUXFWHG IRU HDFK GHVWLQDWLRQ EDVHG RQ UHDVRQDEOH SDWKV ZKLFK H[FOXGH OLQNV WKDW WDNH WKH
WUDYHOHUEDFNWRZDUGWKHRULJLQ6KHIIL,IRQO\UHDVRQDEOHSDWKVDUHXVHGE\WUDYHOHUV WKHOLQNIORZSDWWHUQ
FDQEHDQDO\]HGRQWKHFRUUHVSRQGLQJDF\FOLFQHWZRUN
$V VXEQHWZRUN LV DF\FOLFZH FDQ FRQVWUXFW D WRSRORJLFDO RUGHULQJ RI QRGHV DQG D WRSRORJLFDO RUGHULQJ RI




E\WKHLUJHQHUDOL]HGWUDYHOFRVWV WRGHVWLQDWLRQ s $IWHU WKHVHQRGHVDQGOLQNVDUHUDQNHG WKH\FDQEHWHPSRUDULO\
UHPRYHG IURP DQG WKH UHVWRI WKH VXEQHWZRUN UHPDLQVDF\FOLF DQG VWURQJO\FRQQHFWHG7KLV VWHSFDQEHGRQH
UHSHDWHGO\XQWLO DOOQRGHVDQG OLQNVRI VXEQHWZRUN DUH UDQNHG DQG WKH UHVXOWV DUH WKH WRSRORJLFDORUGHULQJVRI
QRGHVDQGOLQNV7KHWRSRORJLFDORUGHULQJFRQFHSWLVLPSRUWDQWLQFRQVWUXFWLQJWKHJHQHUDOL]HGIORZVSOLWWLQJPRGHO
DQGDQDO\]LQJLWVSURSHUWLHV
3.2. Model formulation 
$VLQWKH650WKHJHQHUDOL]HGIORZVSOLWWLQJPRGHOLVFRQVWUXFWHGRQDVLQJOHGHVWLQDWLRQVXEQHWZRUN 7KXV
WKH PRGHO IRUPXODWLRQ DQG LWV SURSHUWLHV DUH FRQVLGHUHG RQ WKH VXEQHWZRUN  )XUWKHU GHILQH YDULDEOH Oi 
DVVRFLDWHGZLWKQRGH i WKDWPHDVXUHVWKHWRWDOLQIORZDWQRGH i KHDGLQJWRGHVWLQDWLRQ s 0DWKHPDWLFDOO\LWFDQEH
UHSUHVHQWHGDV











ZKHUH sid t GHQRWHV WKH2'GHPDQGEHWZHHQQRGH i DQGGHVWLQDWLRQ s 1RWH WKDWGLIIHULQJIURPWKH650
s
id 
PD\EH]HURLQRXUPRGHO/HW i s[ GHQRWHWKHRXWIORZYHFWRUDWQRGH i LH   i s i saxª º ¬ ¼[  
$QRXWIORZGLVWULEXWLRQIXQFWLRQ LVGHILQHGDVIROORZV
'HILQLWLRQ  7KH outflow distribution function  i s i siF O [ LV D FRQWLQXRXV IXQFWLRQ VDWLVI\LQJ WKH IROORZLQJ
DVVXPSWLRQV
D  i s i siF O [ LVQHJDWLYHO\PRQRWRQHZLWKUHVSHFWWRRXWIORZVLHIRUDQ\IHDVLEOHRXWIORZV i s[ DQG i s[ 
              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DQG   i s i sa i iF aO t  [ $  
,QWKHGHILQLWLRQDVVXPSWLRQDLPSOLHVWKDWLIIORZRQOLQN a LQFUHDVHVWKHQWKHUHVXOWLQJGLVWULEXWHGRXWIORZVRQ
RWKHUOLQNVZLWKWKHVDPHWDLOQRGHZLOOWHQGWRLQFUHDVHQDPHO\    i s i s i se i aF xOw w ![ IRUDOO DQG a z e
 $VVXPSWLRQ E HQVXUHV WKDW ZKHQ D OLQN¶V FRVW LQFUHDVHV WR LQILQLW\ LWV IORZ WHQGV WR ]HUR DQG WKH UHVXOWLQJ
RXWIORZVFRQYHUJHWRDVWDEOHSDWWHUQ$VVXPSWLRQFHQVXUHVWKHOLQNIORZFRQVHUYDWLRQ
)ROORZLQJ WKH IRUPXODWLRQ SURSRVHG LQ 6PLWK DQG 0RXQFH  WKH RXWIORZ G\QDPLFV DW QRGH i FDQ EH
UHSUHVHQWHGE\
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ZKHUHSDUDPHWHU  M dUHSUHVHQWVWKHOLQNIORZFKDQJHUDWH/HWWKHFDUGLQDOLW\ GHQRWHWKHQXPEHURI
OLQNVZLWKWDLOQRGH i '\QDPLFDOV\VWHPLVFRQVWUXFWHGIRUGHVFULELQJOLQNIORZHYROXWLRQLQDFRQWLQXRXVWLPH
VSDFH:KHQ LW LV DSSOLHG WR GLVFUHWHWLPH GD\WRGD\ WUDIILF DVVLJQPHQW WKLV V\VWHPSURYLGHV D OLQN IORZXSGDWH
SURFHVVDV
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1RWH WKDW RQ WKH ULJKWKDQGVLGH RI (T  WKH LQIORZ YDULDEOH  si tO  LV D UHVXOW RI WKH OLQN IORZ SDWWHUQ
 si t [ RQ³GD\´ t WRHQVXUHWKHIORZFRQVHUYDWLRQLH
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1RWHWKDWWKHLQIORZYDULDEOH  si tO  LVDIXQFWLRQRIWKHUHVXOWRIXSGDWHGOLQNIORZSDWWHUQ [ t   7KHUHIRUH
WKHGD\WRGD\IORZXSGDWHLVDQLPSOLFLWQRQOLQHDUHTXDWLRQV\VWHPWKDWVHHPVGLIILFXOWWRVROYH+RZHYHUZLWKWKH
DF\FOLFQHWZRUNUHSUHVHQWDWLRQDQGWRSRORJLFDORUGHULQJVRIQRGHVDQGOLQNVWKHYDOXHV Oi t   FDQEHGHWHUPLQHG
E\WKH*DXVV6HLGHOPHWKRG
(TXDWLRQV\VWHPDQGGHILQHVWKHJHQHUDOL]HGIORZVSOLWWLQJPRGHODVLWGHWHUPLQHVKRZOLQNIORZVVSOLW
DW WKH QRGH OHYHO 7KH LQIORZ YDULDEOHV  si tO  LQ WKH PRGHO SOD\ WKH NH\ UROH LQ PDLQWDLQLQJ WKH IORZ
FRQVHUYDWLRQ DQG WKH RXWIORZ GLVWULEXWLRQ IXQFWLRQ  i s i siF O [ FKDUDFWHUL]HV WUDYHOHUV¶ SDWK GHFLVLRQ EHKDYLRU DW
QRGHV:KHQWKHRXWIORZGLVWULEXWLRQIXQFWLRQ LVVSHFLILHGEDVHGRQGLIIHUHQWSDWKFKRLFHGHFLVLRQDVVXPSWLRQVD
YDULHW\RIGD\WRGD\WUDIILFDVVLJQPHQWPRGHOVFDQEHGHYHORSHG:HLOOXVWUDWHWKLVSURFHVVLQWKHQH[WVHFWLRQ
3.3. Applications of the generalized flow splitting model 
7KHSURSRVHGIORZVSOLWWLQJPRGHODQGSURYLGHVDJHQHUDOVWUXFWXUHWRGHVFULEHOLQNIORZHYROXWLRQ7KH
PRGHO FDQ KDYH YDULRXV SUHVHQWDWLRQV ZKHQ WKH IORZ GLVWULEXWLRQ IXQFWLRQ  i s i siF O [ LV VSHFLILHG GLIIHUHQWO\
$SSO\LQJ WKHEHKDYLRUDO DVVXPSWLRQVXVHG LQ WKH650DQG WKH/%0 WZRGLIIHUHQW IORZVSOLWWLQJPRGHOV FDQEH
GHYHORSHG,WDOVRLOOXVWUDWHVWKDWWKHSURSRVHGPRGHOFDQVHUYHDVDEULGJHFRQQHFWLQJWKH650DQGWKH/%0
62   Xiaozheng He et al. /  Transportation Research Procedia  9 ( 2015 )  56 – 70 





              i s i s i s s i si iF t t t tO J   '[ [ [ [  
ZKHUH  siǻ [ LV GHILQHG E\  /HW M  LQ HTXDWLRQ  WKHQZH KDYH WKH VDPH 650SURSRVHG E\ 6PLWK DQG
0RXQFH 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7KHUHIRUH WKH SURSRUWLRQDODGMXVWPHQW IORZ VSOLWWLQJPRGHO PDLQWDLQV IORZFRQVHUYDWLRQ$OWKRXJK HTXDWLRQ
FRQWDLQVDQLPSOLFLWYDULDEOH Oi t   LWFDQEHVROYHGE\WKH*DXVV6HLGHOPHWKRGZKHQWKHVXEQHWZRUNLV
DF\FOLF+RZHYHUDVWKHLQIORZYDULDEOH Oi t  DSSHDUVDVDGHQRPLQDWRUWKHIORZVSOLWWLQJPRGHOLVQRWZHOO
GHILQHGLI Oi t   7KHUHIRUHWKHDVVXPSWLRQWKDWHDFKQRQGHVWLQDWLRQQRGHKDVDSRVLWLYHGHPDQGLVQHHGHG,Q
WKHQH[WVHFWLRQDQRWKHUIORZVSOLWWLQJPRGHOLVGHYHORSHGE\DSSO\LQJWKHSDWKFKRLFHEHKDYLRUDVVXPSWLRQXVHGLQ
WKH /0% +H HW DO ZKHUH WKH DVVXPSWLRQ RI SRVLWLYH GHPDQG RQ WKH QRQGHVWLQDWLRQ QRGHV LV QR ORQJHU
QHHGHG
3.3.2. Projection-type flow splitting model 
$OWKRXJK WKH/%0 LV FRQVWUXFWHGRQ D OLQNSDWK QHWZRUN UHSUHVHQWDWLRQ LWVPRGHOLQJ FRQFHSW FDQ EH XVHG LQ
GHYHORSLQJDIORZVSOLWWLQJPRGHOIROORZLQJWKHVWUXFWXUHRIDQG7KHEDVLFLGHDLVWRFRQVLGHUHDFKQRGHDV
DQRULJLQDQGLWVRXWJRLQJOLQNVDV³SDWKV´FRQQHFWLQJWRWKHGHVWLQDWLRQ(DFKQRGHKDVWKH³GHPDQG´DVLWVFXUUHQW
LQIORZ  si tO GHILQHGE\
7KH/%0LQ+HHWDOLVIRUPXODWHGDV
         t t t tM ª º   ¬ ¼[ [ \ [ [  
ZKHUH \ UHSUHVHQWVWKH³WDUJHWIORZ´GHWHUPLQHGE\WKHPLQLPL]DWLRQSUREOHP




Ĳ [ \ \ [  
DQGWKHIHDVLEOHVHW ^ `  3   )  t\ $I \ I G I UHSUHVHQWVWKHOLQNIORZSDWWHUQWKDWVDWLVILHVIORZFRQVHUYDWLRQLQ
WKHUHODWLRQVKLSZLWKWKHSDWKIORZSDWWHUQDQGWKHUHODWLRQVKLSEHWZHHQSDWKIORZDQG2'GHPDQG$VGLVFXVVHGE\
+DQDQG'XWKH³WDUJHWIORZ´ \ FDQEHUHSUHVHQWHGE\XVLQJWKHSURMHFWLRQRSHUDWRUDV
         3Ut t tJ3 \ [ [ Ĳ [  
ZKHUHJ  E   E  7KHQWKHIORZFRQVHUYDWLRQLVJXDUDQWHHGE\SURMHFWLQJWKHIORZSDWWHUQRQWRWKHOLQNIORZ
IHDVLEOHVHW3 7KHVDPHFRQFHSWFDQEHXVHGWRGHYHORSDQDOWHUQDWLYHIORZVSOLWWLQJPRGHOEDVHGRQ
,QWKHIORZVSOLWWLQJPRGHOVSHFLI\WKHRXWIORZGLVWULEXWLRQIXQFWLRQE\XVLQJWKHSURMHFWLRQRSHUDWRUDV
               3U i si s i s i s i si tF t t t tO J:  ª º  ¬ ¼[ [ F  
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ZKHUH  i s tF LV WKH IORZZHLJKWHG SDWK FRVW YHFWRU RQ GD\ t  (DFK HQWU\ RI WKH YHFWRU LH   i sa ic t a  $ LV
GHILQHGE\DQG7KHIHDVLEOHRXWIORZVHW   i s t:  IRUQRGH i RQGD\ t LVGHILQHGE\
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      i
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$V WKH IHDVLEOH RXWIORZ VHW   i s t:  LQYROYHV WKH WRWDO LQIORZ  si tO   LW LV GHILQHG LPSOLFLWO\ RQ GD\ t  
6LPLODU WR WKHGHWHUPLQDWLRQRI  si tO     i s t:  FDQEHFRQVWUXFWHGE\XVLQJWKH*DXVV6HLGHOPHWKRGGXHWR
WKHDF\FOLFQHWZRUNVWUXFWXUH:LWKWKHVSHFLILHGRXWIORZGLVWULEXWLRQIXQFWLRQDSURMHFWLRQW\SHIORZVSOLWWLQJ
PRGHOFDQEHIRUPXODWHGDV
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
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
,QWKHSURMHFWLRQW\SHIORZVSOLWWLQJPRGHODVHTXHQFHRITXDGUDWLFSURJUDPPLQJSUREOHPVQHHGVWREH
VROYHGWRUHGLVWULEXWHWKHRXWIORZVDWHDFKQRGH1RWHWKDWWKHQXPEHURIGRZQVWUHDPOLQNVRIHDFKQRGH i LH ni 
LVDVPDOOQXPEHU7KHUHIRUHVROYLQJWKHTXDGUDWLFSURJUDPPLQJSUREOHPLVHDV\ZKHQWKHLQIORZ Oi t   LV
GHWHUPLQHGE\WKH*DXVV6HLGHOPHWKRG
/HW: GHQRWH D IHDVLEOH OLQN IORZ VHW WKDW LQFOXGHV DOO OLQN IORZV $Q\ i sex :   ii a
 & $  PXVW VDWLVI\
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3URRI,I [LVDVWDEOHSRLQWRIWKHGD\WRGD\PRGHOWKHQ
         3U i s i s i s i sJ: ª º  ¬ ¼[ F [ [  i & DQG s  
ZKLFKLPSOLHVWKDW 3U: [
 J F [ ª¬ º¼  [  %DVHGRQWKHZRUNRI*RZGDDQG3DQJ [VROYHVDYDULDWLRQDO
LQHTXDOLW\SUREOHPDVVKRZQLQ  ז
$V F [ UHSUHVHQWVDJHQHUDOL]HGOLQNFRVWGHILQHGE\DQGWKHYDULDWLRQDOLQHTXDOLW\LVQRWDW\SLFDO
IRUPXODWLRQIRUVROYLQJGHWHUPLQLVWLFXVHUHTXLOLEULXP8(:KHWKHUWKHVWDEOHSRLQWRIWKHGD\WRGD\PRGHO




SURSHUWLHV RI DQ\ VSHFLILF GD\WRGD\ WUDIILF DVVLJQPHQW PRGHO GHYHORSHG EDVHG XSRQ WKH JHQHUDO PRGHOLQJ
IUDPHZRUN7KHVHSURSHUWLHVGRQRWUHO\RQWKHVHSDUDELOLW\RIOLQNFRVWIXQFWLRQV
7KLVVHFWLRQILUVW IRFXVHVRQWKHIORZFRQVHUYDWLRQRI WKHSURSRVHGJHQHUDOL]HGIORZVSOLWWLQJPRGHOVLQFH WKLV
SURSHUW\LVGLIILFXOWWRPDLQWDLQZKHQSDWKIORZYDULDEOHVDUHDEVHQW&RPSDULQJWKHSURSRVHGIORZVSOLWWLQJPRGHO
 ZLWK WKH 650  WKH PDMRU GLIIHUHQFH LV WKH H[LVWHQFH RI WKH LQIORZ YDULDEOH Oi GHILQHG E\  ZKLFK
HVVHQWLDOO\DVVLVWVLQSUHVHUYLQJWKHIORZFRQVHUYDWLRQDWHYHU\QRGH7KHIORZFRQVHUYDWLRQRIWKHJHQHUDOL]HGIORZ
VSOLWWLQJPRGHOLVVXPPDUL]HGLQWRWKHIROORZLQJSURSRVLWLRQ
3URSRVLWLRQ  7KH JHQHUDOL]HG IORZ VSOLWWLQJ PRGHO GHILQHG E\  PDLQWDLQV WKH OLQN IORZ IHDVLELOLW\ LH
[ t  : IRUDOO t DVORQJDVWKHLQLWLDOOLQNIORZSDWWHUQ [   LVIHDVLEOH
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3URRI$VVXPHWKHGD\WRGD\OLQNIORZSDWWHUQ [ t IROORZVWKHJHQHUDOL]HGIORZVSOLWWLQJPRGHO:HQHHGWR
SURYH WKDW LI [ t  :  WKHQ [ t   :  $VVXPH WKDW WKH IHDVLEOH OLQN IORZ SDWWHUQ RQ GD\ t  [ t  KDV EHHQ
GHFRPSRVHGE\GHVWLQDWLRQ s DWHDFKQRGH i GHQRWHGE\  i s t[ $V [ t  : LWLPSOLHVWKDW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$VDOOQRGHVLQWKHQHWZRUN KDYHDWRSRORJLFDORUGHUWKHLQWHUPHGLDWHLQIORZ RQGD\ t FDQEHXSGDWHGLQ
WKH WRSRORJLFDO RUGHU XVLQJ GHILQLWLRQ  'HILQH WKH LQWHUPHGLDWH H[LW IORZV 
%\DVVXPSWLRQF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WRZLWKZHLJKWVM DQGM SURYLGHV
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$FFRUGLQJWRWKHIORZVSOLWWLQJPRGHO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PDLQWDLQLQJ WKH IORZ SDWWHUQ¶V IHDVLELOLW\ ,Q WKH SURSRUWLRQDODGMXVWPHQW IORZ VSOLWWLQJPRGHO DVVXPSWLRQ F LV
VDWLVILHG E\ WKH LQWURGXFWLRQ RI WKH QRUPDOL]HG WHUP Oi t   Oi t  LQ  ,Q WKH SURMHFWLRQW\SH IORZ VSOLWWLQJ
PRGHODVVXPSWLRQFLVVDWLVILHGE\WKHSURMHFWLRQRSHUDWRULQ
:H QRZ IRFXV RQ DQDO\]LQJ WKH VWUXFWXUH RI WKH JHQHUDOL]HG FRVW IXQFWLRQ F [  XVHG WR VSHFLI\ WKH RXWIORZ
GLVWULEXWLRQIXQFWLRQ1RWHWKDWHDFKHQWU\RIWKHFRVWYHFWRU F [  LH  sac [ UHSUHVHQWVDIORZZHLJKWHGSDWKFRVW
IURPWKHWDLOQRGHRIOLQN a WRGHVWLQDWLRQ s DVGHILQHGE\DQG7KHFRVWYHFWRU F [  LVXVHGLQERWKWKH
SURSRUWLRQDODGMXVWPHQWIORZVSOLWWLQJPRGHODQGWKHSURMHFWLRQW\SHIORZVSOLWWLQJPRGHO,WVYDOXHGLUHFWO\LPSDFWV
WKHVSOLWWLQJUDWHVLQWKHPRGHOIRUPXODWLRQ$QDO\]LQJWKHVWUXFWXUHRIWKHIORZZHLJKWHGSDWKFRVW F [  DVVLVWVLQ
GHULYLQJ WKH SURSHUWLHV RI WKH JHQHUDOL]HG IORZ VSOLWWLQJ PRGHO DQG FRQVWUXFWLQJ GD\WRGD\ WUDIILF DVVLJQPHQW
PRGHOV
















7KHPDLQGLIIHUHQFHEHWZHHQ(TDQG(TLVWKDW sbp LVGHILQHGDV ni ZKHQWKHWRWDOLQIORZLV]HUR8QGHU
WKLVGHILQLWLRQWKHQRGHSRWHQWLDO siY LVDQDULWKPHWLFDYHUDJHRIWKHJHQHUDOL]HGFRVWVRILWVGRZQVWUHDPOLQNVZKHQ
WKH LQIORZ LV]HUR:LWKDZHOOGHILQHG IORZVSOLWWLQJSURSRUWLRQ  WKHDVVXPSWLRQRISRVLWLYHGHPDQGDWHDFK
QRQGHVWLQDWLRQQRGHLVQRORQJHUQHHGHG
3URSRVLWLRQ7KHJHQHUDOL]HGOLQNFRVW F [  GHILQHGE\DQGKDVDFRQFLVHUHSUHVHQWDWLRQ
       F [ 4 [ [W  
ZKHUH4 [  LVDSRVLWLYHGHILQLWHPDWUL[IRUDOOIHDVLEOHOLQNIORZV [ : 
3URRI)RUHDFKDF\FOLFVXEQHWZRUN GHILQHDflow transfer matrix  sabP 3 ZKLFKLVD VTXDUHPDWUL[
(DFKHOHPHQWRIWKHIORZWUDQVIHUPDWUL[3 LQGLFDWHVKRZPXFKIORZLQWHUPVRISURSRUWLRQZLOOWUDQVIHUIURPOLQN
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,I a DQG b DUH QRW DGMDFHQW WKHQ sabP   $V VXEQHWZRUN LV DF\FOLF DOO OLQNV LQ WKH VXEQHWZRUN KDYH D
WRSRORJLFDO RUGHULQJ 7KXV WKH IORZ WUDQVIHU PDWUL[ 3 LV strictly XSSHU WULDQJXODU LH LWV GLDJRQDO DQG ORZHU
WULDQJXODUHOHPHQWVDUHDOO]HURV
6LPLODUWRWKHGHWHUPLQDWLRQRIWKHZHLJKWPDWUL[LQVROYLQJVWRFKDVWLFXVHUHTXLOLEULXPSUREOHPLQ%HOO
HDFK HOHPHQWRI WKHSURGXFW33  3 LQGLFDWHV WKH IORZ WUDQVIHUSURSRUWLRQ IURP OLQN a WR OLQNb WKURXJKDSDWK
FRQWDLQLQJH[DFWO\WZRQRGHVDQGHDFKHOHPHQWRIPDWUL[33  3LQGLFDWHVWKHIORZWUDQVIHUSURSRUWLRQIURPOLQN
a WR OLQN b WKURXJK D SDWK FRQWDLQLQJ H[DFWO\ WKUHH QRGHV DQG VR IRUWK $V HDFK GHFRPSRVHG VXEQHWZRUN LV
DF\FOLFWKHUHH[LVWVDSDWK LQWKHVXEQHWZRUN WKDWFRQWDLQVWKHODUJHVWQXPEHURIQRGHV'HQRWHWKHQXPEHURI
QRGHVRQSDWK DV K 7KHQIRUDQ\LQWHJHU n ! K 3n  
%DVHGRQWKHGHILQLWLRQHTXDWLRQVDQGIRU F [  LH
    s sa a ic YW [ [ DQG     is s si b j bb i jY Y pW   ¦ [$  
WKHUHODWLRQVKLSEHWZHHQ  F [ DQG  Ĳ [ FDQEHGHULYHGDV
      Kª º    ¬ ¼F [ , 3 3 3 Ĳ [  
ZKHUH , UHSUHVHQWVWKHLGHQWLW\PDWUL['HQRWH4  ,  3  3   3K WKHQZHKDYHWKHUHODWLRQVKLS
$V WKHVXEQHWZRUN LVDF\FOLFPDWUL[ n3 LVVWULFWO\XSSHU WULDQJXODUZLWKDOOHOHPHQWVVPDOOHU WKDQRQH IRUDOO
SRVLWLYH LQWHJHUV n  7KHUHIRUHPDWUL[4 [  LV DQ XSSHU WULDQJXODUPDWUL[ZKRVH GLDJRQDO HOHPHQWV DUH RQHV ,W
LPSOLHVWKDW4 [  LVSRVLWLYHGHILQLWHZLWKHLJHQYDOXHVDOOHTXLYDOHQWWRRQHIRUDQ\IORZSDWWHUQ [ 7KLVFRPSOHWHV
WKHSURRI  ז
5HPDUN)RUDODUJHQHWZRUNLWLVGLIILFXOWWRGHWHUPLQHWKHYDOXHRI K WRFRPSXWH  4 [ DVILQGLQJWKHORQJHVW
SDWKLVQRWHDV\+RZHYHUDVGLVFXVVHGE\%HOOWKHH[SDQVLRQ
         , 3 , 3 3  
SURYLGHV DQ HDV\ ZD\ WR FRPSXWH  4 [  DV 3n   ZKHQ n ! K  7KHUHIRUH ILQGLQJ K LV QRW QHFHVVDU\ DQG
 4 [ FDQ EH GHWHUPLQHG E\4 [   ,  3 [   :H XVH D VLPSOH H[DPSOH WR LOOXVWUDWH WKH NH\ LGHD VKRZQ LQ
3URSRVLWLRQ6XSSRVHZHKDYHDQDF\FOLFQHWZRUNLOOXVWUDWHGE\)LJ7KHIORZVSOLWWLQJSURSRUWLRQ sbp GHILQHG




p  ¦ $ 7KHXSGDWHRI OLQNIORZPD\IROORZWKH
SURSRUWLRQDODGMXVWPHQWIORZVSOLWWLQJPRGHORUWKHSURMHFWLRQW\SHIORZVSOLWWLQJPRGHO
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FDUULHVRQHXQLWRIIORZ p DQG p XQLWVRIIORZWUDQVIHUIURPOLQNWROLQNVDQGUHVSHFWLYHO\
)RUWKLVH[DPSOHZHFDQGLUHFWO\REVHUYHWKDWWKHORQJHVWSDWKLQWKHQHWZRUNFRQWDLQVILYHQRGHV7KHUHIRUHWKH
PDWUL[4  ,  3  3  3  3  3 2UZHFDQFRPSXWH4 E\4  ,  3  $VPDWUL[ ,  3 LVXSSHU WULDQJXODU
DQGVSDUVHLWVLQYHUVHLVHDV\WRFRPSXWH0DWUL[4 FDQEHFRPSXWHGXVLQJHLWKHUPHWKRGDV

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)LJ$WHQOLQNQHWZRUN
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0DWUL[4 VKRZVWKHFXUUHQWGHPDQGGLVWULEXWLRQLQIRUPDWLRQDQGLVFDOOHGWKHdemand distribution matrixLQWKLV
VWXG\ 7KH i WK URZ RI PDWUL[4 LQGLFDWHV KRZ IORZ RQ OLQN i ZLOO EH GLVWULEXWHG RQ GRZQVWUHDP OLQNV )RU
H[DPSOHLIRQHXQLWRIIORZGHSDUWVIURP r  p RILWWUDYHUVHVWKURXJKOLQNDQG p pRILWWUDYHUVHVWKURXJKOLQN
6LPLODUO\LIRQHXQLWIORZLVRQOLQNWKHQ p RILWWUDYHUVHVWKURXJKOLQNDQGDOORILWWUDYHUVHVWKURXJKOLQN
(DFKFROXPQ j RI4 LQGLFDWHVWKDWWKHFXUUHQWIORZRQOLQN j LVIURPZKLFKXSVWUHDPOLQNV)RUH[DPSOHLIZH
ORRNDWWKHWKFROXPQRI4 LWVKRZVWKDW p pRIIORZRQOLQNWUDYHUVHVWROLQN p RIIORZRQOLQNWUDYHUVHV
WROLQNDQGDOOIORZRQOLQNWUDYHUVHVWROLQN
5HPDUN $V WKHGHPDQGGLVWULEXWLRQPDWUL[ LVGHULYHGE\ FRQVLGHULQJ DOOSRVVLEOHSDWKV FRQQHFWLQJ IURPHDFK
QRGH WR WKHGHVWLQDWLRQ WKHSURGXFWRI4G SUHVHUYHV IORZFRQVHUYDWLRQDXWRPDWLFDOO\7KHUHE\XVLQJ WKHSURGXFW






:LWKWKHUHODWLRQVKLSEHWZHHQWKHJHQHUDOL]HGOLQNFRVW F [  DQGOLQNFRVWIXQFWLRQ  Ĳ [ GHILQHGE\VRPH
LPSRUWDQWSURSHUWLHVRIWKHOLQNFRVWIXQFWLRQ  Ĳ [ FDQEHPDLQWDLQHG7KLVLVLPSRUWDQWLQDSSO\LQJWKHJHQHUDOL]HG
OLQN FRVW F [  WR GHYHORS IORZ VSOLWWLQJPRGHOV DQG DQDO\]LQJ WKH SURSHUWLHV RI WKHPRGHO:H VXPPDUL]H WKHVH
SURSHUWLHVDVIROORZV
3URSRVLWLRQ,ISHUIRUPDQFHIXQFWLRQ  Ĳ [ LV/LSVFKLW]FRQWLQXRXVDQGVWURQJO\PRQRWRQHWKHQWKHJHQHUDOL]HG
OLQNFRVW  F [ GHILQHGE\DQGLV/LSVFKLW]FRQWLQXRXVDQGVWURQJO\PRQRWRQHDVZHOO
3URRI:HILUVWSURYH WKH/LSVFKLW]FRQWLQXLW\RI ca [  /HW qae [ GHQRWH WKHHOHPHQW LQPDWUL[  4 [ LQGLFDWLQJ
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 ¦[ [ [
$
 
ZKHUH   saeqd d[ IRU DOO [  1RWH WKDW D OLQHDU FRPELQDWLRQ RI /LSVFKLW] FRQWLQXRXV IXQFWLRQV LV /LSVFKLW]
FRQWLQXRXV /HW Le  f EH WKH /LSVFKLW] FRQVWDQW IRU WKH OLQN FRVW IXQFWLRQ  eW [   7KHQ  sac [ DUH
/LSVFKLW] FRQWLQXRXV ZLWK WKH /LSVFKLW] FRQVWDQW  sa ae eeL q L ¦ [$   $V WKH QXPEHU RI OLQNV LQ WKH
QHWZRUNLVILQLWHDQG   saeq d[  La  f 
1H[WZHSURYH WKH VWURQJPRQRWRQLFLW\ RI F [  %\ WKH FKDLQ UXOH WKH -DFRELDQ RI WKH JHQHUDOL]HG OLQN FRVW
F [  FDQEHGHULYHGDV
             F [ 4 [ Ĳ [ 4 [ Ĳ [  
1RWHWKDW

4 [   ,  3 [   WKXV4 [  ,  3 [    ,RU4 [  4 [ 3 [   , %\WKHFKDLQUXOH
               4 [ 4 [ 3 [ 4 [ 3 [   
,WLPSOLHVWKDW             4 [ 4 [ 3 [ , 3 [ 5HSODFH    , 3 [ E\  4 [           4 [ 4 [ 3 [ 4 [ 
$FFRUGLQJ WR WKH GHILQLWLRQ RI 3 [   HDFK QRQ]HUR HOHPHQW LQ URZ i FDUULHV IORZ IURP OLQN i  7KHUHIRUH
4 [ 3 [   3 [   ,Q DGGLWLRQ QRWH WKDW 4 [  LV D WKUHHGLPHQVLRQDO PDWUL[ /HW 4 i [  GHQRWH WKH
-DFRELDQRIWKH iWKURZRI4 [  1RWHWKDW4 [   4 [ 3 [ 4 [   3 [ 4 [ 7KHQWKHILUVW  i URZVRI
4 [  DUH DOO ]HURV    4 [ Ĳ [ LV D VWULFWO\ XSSHU WULDQJXODU PDWUL[ ZLWK DOO HOHPHQWV SRVLWLYH 7KHUHIRUH
   4 [ Ĳ [ LVDSRVLWLYHVHPLGHILQLWHPDWUL[IRUDOO [ 
$OLQNFRVWIXQFWLRQ  Ĳ [ LVVWURQJO\PRQRWRQHLIDQGRQO\LI  Ĳ [ LVXQLIRUPO\SRVLWLYHGHILQLWHIRUDOO [ LH
  T U ![ Ĳ [ [ [ IRUDOO [ )DFFKLQHLDQG3DQJ$VVKRZQE\3URSRVLWLRQ  4 [ LVSRVLWLYHGHILQLWHIRU
DOO [ $V  Ĳ [ LVSRVLWLYHGHILQLWH    4 [ Ĳ [ LVSRVLWLYHGHILQLWH
'XH WR   F [ LV D FRPELQDWLRQ RI D SRVLWLYH GHILQLWH PDWUL[    4 [ Ĳ [ SOXV D SRVLWLYH VHPLGHILQLWH
PDWUL[    4 [ Ĳ [ 7KHUHIRUH  F [ LVDSRVLWLYHGHILQLWHPDWUL[DQG  F [ LVVWURQJO\PRQRWRQHIRUDOO [ ז
&RUROODU\ ,I OLQNFRVW IXQFWLRQ  Ĳ [ LV VWULFWO\PRQRWRQH WKHQ WKHJHQHUDOL]HG OLQNFRVW F [  GHILQHGE\
DQGLVVWULFWO\PRQRWRQH
3URRI7KLVFRUROODU\KROGVUHDGLO\DVVWURQJPRQRWRQLFLW\LPSOLHVVWULFWPRQRWRQLFLW\ ז
7KH /LSVFKLW] FRQWLQXLW\ DQG VWURQJ PRQRWRQLFLW\ SUHVHQWHG LQ 3URSRVLWLRQ  DUH LPSRUWDQW SURSHUWLHV LQ
DQDO\]LQJWKHXQLTXHQHVVRIDVWDEOHSRLQWWKHV\VWHPVWDELOLW\DQGFRQYHUJHQFHWRXVHUHTXLOLEULXPIRUH[DPSOHLQ
WKHVWXGLHVRI1DJXUQH\DQG=KDQJDQG+HDQG/LX7KHSURSRVLWLRQVSUHVHQWHG LQ WKLVVHFWLRQFDQ
VHUYH DV SUHOLPLQDULHV IRU GHULYLQJ WKH SURSHUWLHV RI WKH VWDEOH SRLQW DQG DV\PSWRWLF VWDELOLW\ SURSHUW\ IRU WKH






6WHS%DVHGRQWKHFXUUHQW OLQNIORZV  t[ FRPSXWHWKHOLQNFRVWIXQFWLRQ   tĲ [ &RPSXWHWKHFXUUHQWIORZ
WUDQVIHUPDWUL[   t3 [ DQGWKHGHPDQGGLVWULEXWLRQPDWUL[        t t  4 [ , 3 [ 8SGDWHWKHJHQHUDOL]HGOLQN
FRVWIXQFWLRQ   tF [ DV         t t t F [ 4 [ Ĳ [ 
6WHS&RPSXWHWKH³WDUJHWIORZ´ \ t   XVLQJWKHRXWIORZGLVWULEXWLRQIXQFWLRQ         t F t tO  \ [ 
6WHS8SGDWHOLQNIORZ          t t tM    [ [ \ JRWR6WHS
7KH PDLQ VWHS LQ WKLV GD\WRGD\ WUDIILF DVVLJQPHQW SURFHVV LV 6WHS  ZKHUH D VHW RI RXWIORZ GLVWULEXWLRQ
SUREOHPVQHHGVWREHVROYHG1RWHWKDWWKRXJKZHVHSDUDWHWKHXSGDWHRIWKH³WDUJHWIORZ´  t \ DQGWKHXSGDWHG
OLQNIORZ  t [ LQWRWZRVWHSVERWKRIWKHPFDQEHVROYHGVLPXOWDQHRXVO\E\IROORZLQJWKH*DXVV6HLGHOPHWKRG
GXH WR WKH DF\FOLF QHWZRUN VWUXFWXUH LH DOWHUQDWLYHO\ XSGDWLQJ  i t \ DQG  i t [ LQ WKH VHTXHQFH RI
WRSRORJLFDORUGHULQJRIQRGHV
,QZKDW IROORZV ZH GHPRQVWUDWH KRZ WR FRQVWUXFW D QHZ GD\WRGD\ WUDIILF DVVLJQPHQW SURFHVV EDVHG RQ WKH
SURSRVHGJHQHUDOPRGHO7KHPDLQWDVNLVWRVSHFLI\WKHRXWIORZGLVWULEXWLRQIXQFWLRQLQ6WHS+HUHZHDGRSWWKH
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VDPH SDWK FKRLFH EHKDYLRU DVVXPSWLRQ XVHG LQ 6PLWK DQG0RXQFH  LH WUDYHOHUV¶ SDWK FKRLFH DW QRGH i 
GHSHQGVRQWKHJHQHUDOL]HGFRVW   c t[ RQWKHRXWJRLQJOLQNVRIQRGH i 
,Q6WHS WKH IORZ VZDSSLQJPDWUL[ǻ FDQEH ILUVW FRPSXWHGEDVHGRQ WKH FXUUHQW OLQN IORZSDWWHUQ  t[ DQG
FRUUHVSRQGLQJ JHQHUDOL]HG OLQN FRVW SDWWHUQ       t  F [ 4 [ Ĳ [  $Q LQWHUPHGLDWH IORZ SDWWHUQ  Ö t \ FDQ EH
FRPSXWHGE\
      Ö t t J  \ [ ǻ [ [  
1RWHWKDWWKHIORZVZDSSLQJPDWUL[ǻ LVFRPSXWHGEDVHGRQ       t  F [ 4 [ Ĳ [ ZLWK pa GHILQHGE\LQVWHDGRI7KHUHIRUHLWLVZHOOGHILQHGXQGHUWKHFRQGLWLRQWKDWWRWDOWKHLQIORZRIDQRGHLV]HUR$V  Ö t \ GRHVQRW
FRQVLGHUXSVWUHDPOLQNIORZFKDQJHVLWGRHVQRWSUHVHUYHIORZFRQVHUYDWLRQ+RZHYHUWKHLQWHUPHGLDWHIORZSDWWHUQ
 Ö t \ SURYLGHVWKHLQIRUPDWLRQRQWKHWHQGHQF\RIWUDYHOHUV¶SDWKVZDSSLQJEHKDYLRUDWHDFKLQGLYLGXDOQRGH7KH
LQWHUPHGLDWHIORZSDWWHUQ  Ö t \ KHOSVLQFRQVWUXFWLQJWKHRXWIORZGLVWULEXWLRQIXQFWLRQ F 
8VLQJ WKH LQWHUPHGLDWH IORZ SDWWHUQ  Ö t \ DQG WKH GHILQLWLRQ RI VSOLWWLQJ UDWH  WKH IORZ WUDQVIHUPDWUL[
  Ö Ö t 3 \ FDQEHFRPSXWHGZKLFKVXPPDUL]HVWKHWUDYHOHUV¶SDWKVZDSSLQJEHKDYLRUDWQRGHV7KHQWKHGHPDQG
GLVWULEXWLRQ PDWUL[ Ö4 FDQ EH FRPSXWHG E\       Ö ÖÖ Ö t t ª º   ¬ ¼4 \ , 3 \ DFFRUGLQJ WR 5HPDUN  7KH ³WDUJHW
IORZ´  t \ LVGHWHUPLQHGE\WKHIORZGLVWULEXWLRQIXQFWLRQ
          Ö Ö   t F t t t    \ Ȝ [ 4 \ G  
ZKHUHG UHSUHVHQWV WKH GHPDQG YHFWRU 1RWH WKDW WKH IORZ GLVWULEXWLRQ IXQFWLRQ F LQ  GRHV QRW FRQWDLQ WKH
LQIORZYDULDEOHVO H[SOLFLWO\ WR HQVXUH WKH IORZFRQVHUYDWLRQ7KLV LVEHFDXVH WKHGHPDQGGLVWULEXWLRQPDWUL[ Ö4 
LPSOLFLWO\FRYHUVDOOSDWKVFRQQHFWLQJDQ\QRGHSDLUV DVGLVFXVVHG LQ5HPDUN$IWHUZHKDYH WKH³WDUJHW IORZ´
 t \ WKHOLQNIORZSDWWHUQRQGD\ t  LVXSGDWHGE\
          t t tM M    [ [ \  
1H[WWKHWHQOLQNQHWZRUNVKRZQLQ(UURU5HIHUHQFHVRXUFHQRWIRXQGLVXVHGWRLOOXVWUDWHWKHDSSOLFDELOLW\RI
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,Q WKHQHZO\FRQVWUXFWHGIORZVSOLWWLQJPRGHODQGSDUDPHWHUM LVVHWDVDQGSDUDPHWHU J LVVHWDV
$VRQO\RQHXQLWRIGHPDQGLVJHQHUDWHGIURPRULJLQ r WKHGHPDQGYHFWRU > @ T G /HWWKH
LQLWLDO OLQN IORZV RQ WKH ILUVW GD\ EH      x x x x x     DQG DOO RWKHU OLQN IORZV EH ]HUR 1RWH WKDW LQ WKH
650WKHQRGHSRWHQWLDOVRI Y DQG Y DUHQRWZHOOGHILQHGGXHWR]HURRXWIORZVDWQRGHVDQGDQG(T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)LJD3DWKFRVWHYROXWLRQE3DWKIORZHYROXWLRQ
7KHOLQNIORZGD\WRGD\HYROXWLRQUHVXOWVEDVHGRQWKHIORZVSOLWWLQJPRGHODQGDUHVXPPDUL]HGLQ)LJ
 1RWH WKDW WKH QHWZRUN LV V\PPHWULF QDPHO\   x x t      x t x t      x t x t  DQG     x t x t 
+HQFH)LJRQO\SUHVHQWVWKHOLQNIORZHYROXWLRQRQOLQNVDQG
$V VKRZQ LQ)LJ  WKH IORZRQ OLQNGHFUHDVHV IURPRQHGD\ WR WKHQH[W VLQFH WKHSDWK FRVW WKURXJK OLQN
UHPDLQVWKHKLJKHVWWKURXJKRXWWKHGD\WRGD\WUDIILFDVVLJQPHQWSURFHVV2QWKHFRQWUDU\WKHIORZRQOLQNNHHSV
LQFUHDVLQJDVWKHSDWKFRVWWKURXJKOLQNUHPDLQVWKHORZHVW
$V M         Ö Ö  t t t    [ \ 4 \ G  ,Q DGGLWLRQ EHFDXVH > @ T G  WKH OLQN IORZ RQ
HDFKGD\ LV FKDUDFWHUL]HGE\ WKH ILUVW URZRI   Ö Ö t 4 \  )RU WKLV H[DPSOH WKH ILUVW URZRI   Ö Ö t 4 \ KDV WKH
VSHFLILF IRUP > @                 q q q q q q q q q q T > @             Ö Ö Ö Ö Ö Ö Ö Ö Ö Ö Ö Ö Ö Ö        p p p p p p p p p p p p p p DFFRUGLQJ WR
 1RWH WKDW  Ö Ö p p    Ö Ö p p   DQG  Ö Ö p p   7KHUHIRUH  q q    Ö Ö p p q     q q  





QRW IRXQG WKH FRVW RI 3DWK  UHPDLQV WKH KLJKHVWZKLOH LWV IORZNHHSV UHGXFLQJ WR ]HUR )ORZRQ3DWK  NHHSV
LQFUHDVLQJ DV LWV FRVW UHPDLQV WKH ORZHVW )ORZV RQ SDWKV  DQG  JUDGXDOO\ UHGXFH DIWHU SHDNLQJ LQ WKH HDUO\
DVVLJQPHQWV7KHSDWKFRVWGLIIHUHQFHVEHWZHHQ3DWKVDQGNHHSVKULQNLQJIURPGD\WRGD\LQGLFDWLQJWKDWWKH
WUDIILFIORZSDWWHUQHYROYHVWRZDUGXVHUHTXLOLEULXP$VWKHPRGHODQGLVEXLOWXSRQWKHVDPHEHKDYLRUDO
DVVXPSWLRQDVWKH650XVLQJSURSRUWLRQDODGMXVWPHQWGHILQHGE\  ǻ [  LWVFRQYHUJHQFHWRXVHUHTXLOLEULXPKDV
EHHQSURYHGE\6PLWKDQG0RXQFH
&RQFOXGLQJUHPDUNV
,Q WKLV SDSHU D JHQHUDOL]HG IORZ VSOLWWLQJPRGHO LV GHYHORSHGZKLFK FDQ VHUYH DV DPRGHOLQJ IUDPHZRUN IRU
GLVFUHWHWLPHGD\WRGD\WUDIILFDVVLJQPHQW7KHUHSUHVHQWDWLRQRIWKHJHQHUDOL]HGIORZVSOLWWLQJPRGHOUHOLHVRQWKH
VSHFLILFDWLRQ RI RXWIORZ GLVWULEXWLRQ IXQFWLRQ WKDW FDQ EH VSHFLILHG E\ DGRSWLQJ YDULRXV SDWK FKRLFH EHKDYLRU
DVVXPSWLRQV:HSURYLGH WZRH[DPSOHVZKHUH WKHRXWIORZGLVWULEXWLRQ IXQFWLRQ LV VSHFLILHGXVLQJ WKH FRQFHSWRI
SURSRUWLRQDODGMXVWPHQWDQGSURMHFWLRQRSHUDWRUUHVSHFWLYHO\$VWKHVHPRGHOVDUHGHILQHGRQGHFRPSRVHGDF\FOLF
VXEQHWZRUNVWKHRUGHULQJVRIQRGHVDQGOLQNVSURYLGHDWWUDFWLYHPDWKHPDWLFDOSURSHUWLHVLQXSGDWLQJWKHGD\WRGD\
OLQN IORZV 3DUWLFXODUO\ WKH LQYDULDQFH SURSHUW\ RI WKH SURSRVHGPRGHO DQG WKH /LSVFKLW] FRQWLQXLW\ DQG VWURQJ
PRQRWRQLFLW\ RI WKH JHQHUDOL]HG FRVW IXQFWLRQ DUH SURYHG ULJRURXVO\$QXPHULFDO H[DPSOH LOOXVWUDWHV WKH HDVH RI
GHYHORSLQJWKHIORZVSOLWWLQJPRGHODQGLWVFRQYHUJHQFHWRXVHUHTXLOLEULXPIORZSDWWHUQ
,Q IXWXUH UHVHDUFK WKH VXIILFLHQW FRQGLWLRQVFDQEHGHULYHG IRU WKHDV\PSWRWLF VWDELOLW\RI WKHJHQHUDOL]HG IORZ
VSOLWWLQJPRGHOLHZKDWNLQGVRIRXWIORZGLVWULEXWLRQIXQFWLRQVFDQSUHVHUYHV\VWHPVWDELOLW\"%\GRLQJVRZHFDQ
LJQRUHWKHWHGLRXVVWDELOLW\DQDO\VLVDVORQJDVWKHGLVWULEXWLRQIXQFWLRQVDWLVILHVWKHVXIILFLHQWFRQGLWLRQV,QDGGLWLRQ
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PRGHO WR GD\WRGD\ WUDIILF DVVLJQPHQW RQ ODUJHVFDOH QHWZRUNV )LQDOO\ URXWLQJ DQG FRQWURO YDULDEOHV FDQ EH
LQWURGXFHGLQWRWKHIRUPXODWLRQRIWKHJHQHUDOL]HGIORZVSOLWWLQJPRGHO
$FNQRZOHGJHPHQWV
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